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Abstract
We discuss quantum algebraic structures of the systems of electrons or quasi-
particles on a sphere of which center a magnetic monople is located on. We verify
that the deformation parameter is related to the filling ratio of the particles in each
case.
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The charged particle systems confined on a two-dimensional surface in a strong mag-
netic field show the fractional quantum Hall effect [1]. The maximal symmetry of the
systems is the group of magnetic translations and making use of the generators, we can
compose a quantum algebra Uq(sl(2)) [2]. When the deformation parameter q is a real
number, the representations of Uq(sl(2)) is essentially equivalent to those of the angular
momentum algebra, which corresponds to a special limit of Uq(sl(2)), i.e., q → 1. In this
case, q is nothing more than an artificial parameter, however we have no reason to choose
q = 1 apriori. We hence inquire the meaning of the deformation parameter.
One possible interpretation is to incorporate a physical quantity into the deformation
parameter and we can remove the freedom to choose the value of q accordingly. This
situation becomes possible when we consider the case of q a complex number. Namely,
it may be represented as
q = exp(2piiνe), (1)
where νe is the filling factor for electrons. This relation is verified in the planar (cylinder)
and torus cases [3]. The quantum group symmetry of these cases can be discussed in
common manners using magnetic translations on a square lattice. On the other hand,
how is the case of spherical [4, 5, 6] quantum Hall systems ? The realization of Uq(sl(2))
symmetry on a sphere may show a different feature from previous cases. The maximal
symmetry on a sphere is a rotational one and it does not permit us to construct Uq(sl(2))
in the same way as the former cases. We therefore discuss a Uq(sl(2)) symmetry on a
sphere and would like to verify the relation (1).
In this paper, we first show the Uq(sl(2)) symmetry with the relation (1) in electrons’
wavefunction bases. We start the discussion from one-particle system in order to clarify
how different from others the spheric case is. After generalizing the argument into many-
particles’ system, we discuss the case of quasiparticles.
Let us consider a sphere (the radius R = 1/2) with the Dirac monopole located at
its center giving rise to a total magnetic flux φ measured in units of the flux quantum.
Making use of the stereographic projection, the Hamiltonian of an electron (mass me) on
1
this sphere reads
H =
1
me
(1 + zz¯)2{D, D¯} =
2
me
(1 + zz¯)2DD¯ −
φ
me
, (2)
where
D = ∂z −
φ
2
z¯
1 + zz¯
, D¯ = ∂z¯ +
φ
2
z
1 + zz¯
. (3)
Here we should notice that the system (2) is very similar to a supersymmetric Hamiltonian
[7]. We have chosen the gauge such that the Dirac string is at z = ∞. In the following
argument, we subtract the constant term φ/me from the above Hamiltonian. The ground
states
|m 〉 = ψm(z, z¯) =
zm
(1 + zz¯)φ/2
(0 ≤ m ≤ φ) (4)
are degenerate with all solutions of D¯ψ = 0 in the Hilbert space endowed with the scalar
product
< ψ1, ψ2 >=
∫
dzdz¯
(1 + zz¯)2
ψ¯1ψ2. (5)
We here omit the orthonormalization factors, which are irrelevant to our discussions.
The degeneracy stems from rotational invariance of the Hamiltonian so that the angular
momentum operator
J = z∂z − z¯∂z¯ (6)
can be taken for a complete classification of the ground states by their magnetic quantum
number. With the aid of J , we can construct a representation of Uq(sl(2)) on the states
|m 〉 as follows:
E+ = −z[J + 1]q, E
− = z−1[J ]q, k = q
J+ 1
2 , (7)
where
[x]q =
qx − q−x
q − q−1
. (8)
We can easily verify that
[E+, E−]|m 〉 =
k2 − k−2
q − q−1
|m 〉, kE±k−1|m 〉 = q±E±|m 〉. (9)
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These generators (7) are expressed in terms of the operator J which is associated with the
rotational symmetry. In the cases of planar and torus Uq(sl(2)), the generators are written
in translational operators [3]. Even if taking a mapping from z-plane to other coordinates
(for example to a cylinder), (7) does not coincide with the generators of Ref.[3]. This is
the main difference between the spheric case and others. Another difference is that the
generators (7) satisfy the commutation relations
[E+, E−] =
k2 − k−2
q − q−1
, kE±k−1 = q±E± (10)
with the exception of the origin z = 0 on the projective space. Namely, the formula
[∂z¯,
1
z
] = δ2(z) does not allow us to calculate the relations of Uq(sl(2)) directly using
(7). Fortunately, we can safely neglect this kind of singularities when we estimate the
commutation relations on the ground states. In this sense similarly, we have a Casimir
operator
C =
qk2 + q−1k−2
(q − q−1)2
+ E−E+ (11)
which commutes with all the generators and the Hamiltonian;
[C,E±] ∼= 0, [C, k] ∼= 0, [C,H ] ∼= 0, (12)
where ∼= means that the equality holds on the ground states. We can check also the
commutativity btween Uq(sl(2)) and the Hamiltonian
[H,E±] ∼= 0, [H, k] ∼= 0. (13)
For fixing q, we require that E+| φ 〉 = 0. This condition is satisfied if we take
q = exp(
2pii
φ+ 1
), (14)
which is exactly corresponds to (1) because ν is given by 1/(φ+1) for one particle states
on a sphere [5, 7].
In the next step, we apply the above arguments to Ne electrons on the sphere. We
first mention a free particle picture [7]. Namely, consider the monopole field to be so
strong that we can approximately neglect electron-electron interactions, in which the
3
Hamiltonian is simply the sum of Ne single electron Hamiltonians. In this case, the
Laughlin wavefuctions [8] become the ground states [7]
Ψm =
∏
i<j
(zi − zj)
m
∏
i
(1 + ziz¯i)
−φ/2, (15)
where we omit anti-holomorphic parts and m is an odd interger. Similarly to one particle
case, we have the following restriction from normalizability condition [7]
0 ≤ m ≤
φ
N − 1
. (16)
Again J can be used to construct a representation of Uq(sl(2)) on the ground states
|m 〉 = Ψm adding bosonic sector (even m) in the multiplet. The generators of Uq(sl(2))
are now in turn
E+ = −
Ne∏
i<j
(zi − zj)[J˜ + α+ β]q,
E− =
Ne∏
i<j
(zi − zj)
−1[J˜ + α− β]q, (17)
k = qJ˜+α,
where J˜ is defined by the sum of each particle’s J as
J˜ =
2
Ne(Ne − 1)
Ne∑
i=1
J (i). (18)
The parameter α and β are determined later in conformity with the representation. The
E+ and E− play the role of ’supercharges’ instead of D and D¯ as well as Uq(sl(2)) raising-
lowering operators. The deformation parameter is determined similarly as in the previous
case choosing α = β = 1/2
q = exp

 2pii
1 + φ
Ne−1

 . (19)
Now we can consider the unique Laughlin state which is non-degenerate (fermionic)
single state in the situation of Coulomb’s interactions. In this case, we can impose the
rotational invariance on the state. Then the possible number of values of m reduces to
only one defined by [7, 6]
φ = m(Ne − 1). (20)
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In order to see the coincidence with (1), two kind of interpretations are possible in
accordance with the roles of E± as whether ’supercharges’ or Uq(sl(2)) operators. As for
Uq(sl(2)) symmetry, the Laughlin state is singlet for the α = β = 0 representation and
thus the singlet condition E±|m 〉 = 0 determines the deformation parameter as
q = exp(2pii/m), (21)
which is in agreement with Laughlin’s argument νe = 1/m. This result coincides with
(1).
As a remark, we make mention of another interpretation which is based on the anal-
ogy of supersymmetry (although we do not have any supersymmetry). If we follow in
the above step (representation α = β = 1/2), we suppose E± not as quantum group
generators but as ’supercharges’. Let us consider to decouple the bosonic sector |m− 1 〉
from the doublet
E+|m− 1 〉 = E−|m 〉 = 0. (22)
These conditions mean that each sector can not be transformed by the ’supercharges’ E+
and E− into each other. Imposing these conditions, we exactly obtain (21). To intuitively
obtain the result (21) is to substitute (20) into (19) omitting the 1 in the denominator.
The removal of the unity corresponds to exclude the bosonic sector.
Finally, we discuss that the microscopic Ns quasiparticle (or -hole) wavefunctions [9],
called pseudo wavefunctions, on the sphere exhibit an Uq(sl(2)) symmetry with similar
relation to (1). The hierarchical wavefunction for electrons is composed of the fractional
statistics transformation from the pseudo wavefunctions [10]. We extract s-th level’s
pseudo-wavefunctional part from the hierarchical wavefunction on the sphere [6] as fol-
lows:
ψ(s)(z˜) =
Ns∏
i<j=1
dij(z˜s)
sgn(qs−2)θs−1+ps, (23)
with
dij(z) =
zi − zj
(1 + ziz¯i)1/2(1 + zj z¯j)1/2
, (24)
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where quasiparticle’s coordinates are z˜s = zs (z¯s) for s odd (even). qn and θn correspond
to the charge and statistics with respect to (n+ 1)-th level’s quasiparticles
qn+1 = −
qn
pn+1 − sgn(qn)θn
, θn+1 =
sgn(qn)
pn+1 − sgn(qn)θn
, (25)
and q0 = −1, θ0 = 0. p1 is an odd integer and pn (≥ 2) is an even positive integer
referring to the index on n-th level pseudo wavefunction such as m on the the Laughlin
function in the above discussion.
According to (25), the pn for each level determines the statistics of the subsequent
upper levels. Thus, for all fixed pn (n < s), we can construct a Uq(sl(2)) matrix represen-
tation on the s-th level pseudo-wavefunctional bases. Instead of (16), the upper bound
of ps should be derived from a physical condition for a quantum liquid state [8]. The
quantum group generators are similarly given by (18) just replacing Ne → Ns, z → z˜s
with −α = β = 1/2 and the deformation parameter is exactly fixed from the condition
E+| ps 〉 = 0 as
q = exp(2pii/ps). (26)
This is a similar result as the Laughlin system of Ne electrons.
In this paper, we have discussed various representations of the quantum group Uq(sl(2))
symmetry only on the pseudo wavefunctional bases separately from other quasiparticle
wavefunctions without a hierarchical structure. Taking account of a quantum group
symmetry on whole hierarchical electron wavefunction, we could relate the deformation
parameter to the continued fractional filling
νe =
1
p1 +
1
p2+
1
...+ 1
ps
. (27)
In this case, we will need a different representation from this paper’s operators. This
should be investigated as a further problem.
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